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SPECTRAL ASYMPTOTICS
FOR STURM-LIOUVILLE EQUATIONS
WITH INDEFINITE WEIGHT

PAUL A. BINDING, PATRICK J. BROWNE, AND BRUCE A. WATSON

ABSTRACT. The Sturm-Liouville equation
—(py")' +qy =Xry on [0,1]
is considered subject to the boundary conditions
y(0) cos @ = (py’)(0) sin v,
y(l) cos B = (py')(1) sin 5.
We assume that p is positive and that pr is piecewise continuous and changes
sign at its discontinuities. We give asymptotic approximations up to O(1/4/n)

for v/An, or equivalently up to O(y/n) for An, the eigenvalues of the above
boundary value problem.

1. INTRODUCTION

Asymptotics for Sturm-Liouville equations

(1.1) —®yY) +aqy=Ary

subject to boundary conditions

(1.2) y(0)cosa = (py')(0)sine, « € (—m/2,7/2],
(1.3) y()cosp = (py)()sinp, Be€ (—m/2,7/2],

are classical when the coeflicients permit a Liouville transformation (so, in partic-
ular, p, r are positive). For example, if the resulting ¢ (once p and r are reduced to
one) is L' and a3 # 0, then the eigenvalues (which we label \,,, corresponding to
eigenfunctions with m zeros in (0,1) for sufficiently large m) satisfy

(1.4) A = am? + b+ o(1)

as m — 0o, where a and b can be given simply in terms of the data in (CI)-([T3).
We remark that (I4]) is sometimes written in the equivalent form

(1.5) S =cm+dm™t +o(m™1).

Here s, is (for large m) the positive square root of \,,. When more smoothness is
imposed on the coefficients, the o terms may be developed in powers of m~!. See,
e.g., [§], [I0] for discussions of these ideas.
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Weaker results are available when less is assumed of the coefficients. The most
general result of this type seems to be due to Atkinson and Mingarelli [I], who
assume that 1/p,q,r € L*, p > 0, with no sign restriction on r. Then (for large m)
the eigenvalues form two sequences Af, one positive and one negative, tending to

400, and the positive one satisfies an asymptotic relation of the form
(1.6) AE = aTm? + o(m?).

It is important to note that a™ depends only on the positive values of r; so one can
“ignore” negative values. We remark that the corresponding results for the sequence
of negative eigenvalues can be obtained by considering only negative values of r,
by virtue of the relation Ar = (=\)(—r). In view of this we shall consider only the
positive sequence in what follows.

We shall examine a situation in between those of the previous two paragraphs,
where 7 is permitted sign changes at a finite number of so-called “turning points”
(TP). When the coefficients are smooth (in particular at the TP which we then
call smooth TP), asymptotics have been developed by R. E. Langer [9] and several
authors since (see, e.g., 4] and the references there). By contrast, our coefficients (at
least pr) will be discontinuous at the TP. Actually, Dorodnicyn [4] does allow a type
of singularity at his (single) TP, but his results do not allow finite discontinuities
as here. Recently Strelitz [T1] has treated a situation where both smooth and
discontinuous TP are permitted. While his results are mostly for more general
problems depending on a large parameter A, his asymptotics for eigenvalues reduce
to (LH) for the case studied here.

An improvement on (6] has been obtained by Eberhard and Freiling [5], for the
case when p = 1 and r is a step function; so all TP are discontinuous. They allow
more general differential equations and boundary conditions, but for (TII)-(L3),
their asymptotic relation takes the form

(1.7) AL =atm? + O(m),
which is equivalent to
(1.8) sm =cm+ O(1)

for the corresponding square roots. Here we shall allow all the coefficients to be
nonconstant between the TP, and we shall obtain the O(1) term in (.8) explicitly,
with an error term of O(m~'/2). A comparison of (CH) with (LX) shows that
indefiniteness of the weight function r gives rise to the extra terms between cm and
dm~"'. In the sequel, for brevity, we also refer to s,, = v\, as an eigenvalue of
(LT (.

It turns out that our O(1) term is also independent of the negative values of r;
so, up to O(m*1/2), the asymptotics depend only on subproblems on the disjoint
intervals where r is positive. In fact, our main result states (roughly) that the A}
asymptotically form the “disjoint” (see below) union of the positive eigenvalues for
these subproblems. Two remarks are in order here, however. First, some of the
eigenvalues from the subproblems may coincide. This resonance effect complicates
our analysis considerably. For example, we must allow repeated elements in the
above union (which is termed disjoint) in this case; see Definition 1.1. In particular,
there is the possibility that an infinite sequence of A appear asymptotically as
multiple eigenvalues, despite the well-known fact that they are simple. We give
an example of this behaviour in Section 6, where various sequences of eigenvalues
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are separated by distances that are exponentially small in m. The implications for
numerical calculation are evident.

Our second remark concerns the fact that the subproblems have their own bound-
ary conditions, and these turn out to depend on s (= v/A), except for the end
intervals, where the original conditions (L2)) and (L3) are used. We note that ap-
plications of s-dependent boundary conditions can be found in [6] and the references
therein.

Section 2 gives the definition of, and some preliminary results about, a modified
Priifer angle. We develop asymptotics for problems with s-dependent boundary
conditions on a single subinterval in Section 3. Section 4 extends the theory of
the modified Prifer angle to several subintervals. The proof of our main result,
Theorem below, is detailed in Section 5.

Here and in the remainder of this work we assume that 0 = a9 < a1 < ... <
an = I, where pr|(4; a,,,) and (pr)|(a;,a,,,) have continuous extensions to [a;, a;11],
(07)"(a;,a540) € L' (aj,a;41) for all j =0,...,n —1,

1im+pr(:c) lim pr(z) <0, j=1,..,n—1,

—a —a .
:CCLJ :CCLJ

and lim,_, + pr(z) # 0 # lim,_ - pr(z). In addition we assume ¢ € L'[0,1]. By
means of a standard change of independent variable (cf. [2]) we may and shall
assume that p = 1 in what follows.

With reference to (ILI)), we define positive quantities

1/4
5j == [ r(a;r) ] )

T(aj_Jrl)
_oq1/2
o = T(aj+1)
’ r(a;r_H) ’
¢ = Ir(a))|"?
vi = Ir(ag)7,
aj+1
G = Vir(@)| de, j=0,..,n—-1,

a;

where aj and a; | ; denote limits from respectively the right at a; and from the left
at aji1, and we set a; = a,,. Note that v; = 67 /¢; and p; = (ej11v5) "
Definition 1.1. Given strictly increasing real sequences oy, ..., 0,,, each of which
has no finite accumulation point, we say that a sequence o is the disjoint union

U o

§=0,...,m

to order +y if, with the sets o and (J{o; : j = 0, ..., m} labelled sg, s1, ... and Sp, S1, ...
respectively in increasing order (but with each S; being repeated according to the

number of ¢; to which it belongs), there exist constants &, k1, k2 such that for all
k> kK,

|Sk — Sk+,€2| < K1k
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If < —¢ < 0 on (a;,aj11), we define o; = 0. If r > ¢ > 0 on (aj,a;41),
we define o; to be the set of positive eigenvalues s = VA of (1) with boundary
conditions (I.2) and (LIO) for j = 0, (LI) and (LIU) for 1 < j < n—2, and finally
(CY) and ([C3) for j =n — 1, where

(1.9) sy(aj) = vi—1y'(ay),
(1.10) sej1y(ajr) = —y'(aj1)-
Our principal result expresses ¢ asymptotically in terms of the o; as follows.

Theorem 1.2. The set o of positive eigenvalues s = /A of (1), (L) and ([L3)
is the disjoint union of the o, 7 =0,...,n — 1, defined as above, to order —1/2.

Asymptotic expressions for the sequences o; are given in Corollary [3.6l
2. PRELIMINARY CONSIDERATIONS
We start with the following.

Lemma 2.1. (a) Ifr > ¢ >0 on (a;,a;+1), where ¢ is a constant, then

6 -
y(aj+1) 1 djcos(;s E—jsmgjs 1 y(a;)
@1 { ple ) } - (l ~SsinGys L cosys +O {3 Vo) |-

(b) Ifr < ¢ <0 on (aj,a;j4+1), where ¢ is a constant, then

(2.2) { ‘Z(Lf)) } = q 5_ +o<§>> { M }Coshﬁjs.

Here and below, o(-) and O(-) refer to the limiting process s — oo.

e
Sl=o |

Proof. This is a direct consequence of the asymptotics in the Appendix of [7] (which
treats r > 0 and A € C): (a) and (b) follow by taking positive and negative A
respectively. O

The following function enables us to write some tedious arithmetic in a compact
form.

Definition 2.2. We denote by O(w; k), k > 0, the angle depending continuously
on w such that ©(0;k) = 0 and tan O(w; k) = k tan w.

Lemma 2.3. (a) O(%F; k) = &F for all m € Z.

(b) Ifwe [@, %], then ©(w; k) € [(mgl)ﬂ, %], for allm € Z.
(c) O(O(w;k); 1) = w.
(d) ©(w;k) is C> with respect to both w and k.

e) For each k > 0 there exist constants c1,co > 0 such that ¢; < 96 (wik) < co
Ow

for all w € R, and hence ©(w, k) is monotonically increasing with respect to
w for fixed k > 0.
(f) O(mm +w; k) = mm + O(w; k) for all m € Z.

Proof. (a)-(c) and (f) are immediate. Moreover, w = k7 lcos?Osec’w =
k=1 cos? © + ksin® O, from which (d) and (e) follow easily. O

The next item we introduce is a modified Priifer angle. For details on the cus-
tomary Priifer angle we refer the reader to [3], and for different modifications of
the Priifer angle, to [1], [2].
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Definition 2.4. We define the modified Priifer angle, Q(z; s; x;w) of (), to be
the angle continuously dependent on x such that

sy()

y'(x)’

where y is the solution of () satisfying the Cauchy conditions y(x) = sinw and
y'(x) = scosw.

Qs xw) =w,  tan(Q(z; s x;5w)) =

Lemma 2.5. The modified Priifer angle Q has the following properties in common
with the usual Prifer angle:

(a) Qz;s;x;w+mm) = Q(x; 85 x;w) +ma for allm € Z;
(b) Q(z;s;x;w) is monotonically increasing in w.

Proof. € is the solution of the differential equation

o 2 ay\ . 2

i [cos Q-+ (r— 8—2)51n Q}
with Cauchy condition Q(x;s; x;w) = w. Now (a) (resp. (b)) follows because the
right side of (2.4) is periodic (resp. Lipschitz) in Q. O

The theorem below gives some basic building-blocks of the paper. We assume
that the modified Priifer angle at a; is €}, so in particular, Q41 = Q(aj41; s; a;; ;).

Theorem 2.6. (a) If r > c¢> 0 on (a;,a;+1), where ¢ is a constant, then

(2.3 011 = 015+ 0(@ici)i) + 0 1)

S

(b) Let 6 >0 and r < ¢ <0 on (a;,aj+1), where ¢ is a constant. If
Q; ¢ 1(j;5;9) U 1,,(j; s;9),

MEZL
where
T 1

et oo (52) e so(52)5).

then for suitable constants L;(d) > 0,
Qi1 € J(458;90) = UJ (7; 8;9),

meZ
where
sy LR 71C) ™ N\, Li(9)
(24) Jm(j7875)_ |:m77+@(z,l/j>_ \/g ,mﬂ'—f—@(z,y‘])—f—?
for large s.

Proof. For the proof we use the results of Lemma 21l From the definition of ©(-;-)
and since (2; is the modified Priifer angle at a;, we have y(a;) = psin ©(€;;¢;) and
% = pe; cos ©(€;; ¢;) for some non-zero p.

For (a) we substitute the above expressions for y(a;) and ¥ (a into (1), giving

[ygaj+1>]_ {@sm«jw@mjxnw (1/5)
V) | =P | Leos((s +O(2:¢7) +O(1

/s
/s) |’

and hence (Z3)) follows.
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Case (b) requires more careful analysis. From (Z2)) we obtain

{ y(a;1) } _ [ 3;(sin ©(£25; €5) + cos O(Q;5¢;) + O(1/s))

y'(aj+1)
If Q; ¢ I(j;5;6), then

T 1
‘mﬂ'—f—@( 4 :)—Qj

J

Zi Ym € Z,

75

and, with Lemma [23] (e) and (f), we can conclude that

T 1 015
Omn+6 (<5 ) ) - 0 @ic)| >
50, by Lemma 23] (c),
i s @l
‘mﬂ—(z+@(9j,ej))}2\/§, Ym € Z,

where ¢; > 0 depends only on €;. Hence
. ™ (315
V2 |sin (Z +06 (Qj;ej)>’ > 75

for all s > (4;15)2. Consequently, for all such s,

|sin©(Q;; €;) + cos O(Qy; €;)| > -

, which enables us to conclude that
o) _, (1o
Y'(aj1)

and (24) is an immediate consequence.

—_

\_/

7))

< (sin (25 ;) + cos O(Qyi ¢;) + O(1/s)) | P OGS

O

From Theorem and Lemma we obtain the following corollary, which
illustrates the behaviour of the modified Priifer angle at the right end of an interval
of negative weight, as a function of the modified Priifer angle at the left end of the

interval.

Corollary 2.7. Let the modified Priifer angle at a; be Q;, j = 0,...,n. Suppose
that r < ¢ < 0 on (aj,a;+1), where ¢ is a constant. Let § > 0. Then, for large s,
Q41 15 a continuous strictly increasing function of ;, such that if ; is increased
by km,k € Z, then Qj11 increases by km and the point (2;,Q;41) in R? satisfies

the relation

(5, Q11) € | (15,5 856) X Tm (3 8 )] U [T 41 (55 55 6) x T}, (3 53 0)]]

mez
where
I.(j;s:0) = {mw—i—@(—% é>+% (m+1)w+@(_g;€%) _%
I (d38;0) = (mﬂ—l-@(z;yj)—L\/(g) (m+1)7r—|-®( )+Lf;§5)

and I, (55 8;96), Jm(J; 8;0) and L;j(6) > 0 are as in Theorem [Z.0
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Proof. After consideration of Theorem [Z6 it is evident that all that is needed to
prove this corollary is to match up the I, and J;. indices. In order to perform this
matching it is sufficient to obtain the pairing at some single point on the (2;;;41)
curve, after which all other matchings are uniquely determined by periodicity and
monotonicity of the curve.

We consider the case of Q; = 7/4. In this case y(a;),y'(a;) > 0. Let = be the
minimal value (if there is one) in [a;, aj+1] such that y(z)y'(z) = 0. If y(z) = 0,
then y'(t) > 0 for all t € (aj,z), so y(z) > y(a;) > 0, contradiction. Thus
y(t) > 0 for all ¢t € [aj, ], and by continuity y(¢t) > b > 0, say. It follows that
y'(z) —y'(aj) = f;;(q — s?r)y > bfamj(q + 82|e]) > 0 for s > |c|7Y|q|l1, whence
y'(z) > y'(a;) > 0. This second contradiction shows that = does not exist for large
s, and so the corresponding ;41 is in the interval (0, 7/2).

Thus we have determined that Q; € Ij(j; s;0) gives Q411 € Jo(j;s;6). But the
monotonicity of Q;4; as a function of ; then shows that if Q; € I;(j;s;9), then
Q1 € Jy(J; s;0). The periodicity of the same function completes the proof. O

Corollary X7 can be illustrated diagrammatically by the graph of €;41(€;) as
in Figure 1.

FIGURE 1. Q;4, as a function of €;

We end this section by giving an expression for the modified Priifer angle 2542
at ajyo in terms of the modified Priifer angle {2; at a;, under the condition that »
is positive on the interval (a;, a;4+1) and hence negative on the interval (ajt1, a;12).
This is a direct consequence of (Z3]) and Corollary Z71.

Corollary 2.8. Suppose that 0 < j < n—2, r > ¢ > 0 on (aj,aj4+1), and r <
—c < 0 on (ajt+1,a;42), where ¢ is a constant. Then Q1o = Qaj12,s,a;5,;)
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is a continuous strictly increasing function of Q;, such that if Q; is increased by
km,k € Z, then Q42 increases by kn, and for large s we have

(Gis + O(L5 €); Qjy2)
€ U |10 550) x Jon i 530 U [ (53 38) x T (53 :9)]]

meZ
where
. - 5 - 5
. - 5 5
I,(G;5:0) = [mﬂ+@(—z;03>+—s,(m+l)7r+®( 4,p]>_%]7
7 o(s L5 L5
j L0 L;(0
I (ji510) = (m77+@< V;+1)— f}g)’(m+1)ﬂ+@(4,yj+1)+ \J/(g)>,

and L; > 0 is a constant independent of s and Q;.

The resultant behaviour of 242 as a function of §2; and s is illustrated in Figure
2. Note that the horizontal axis refers to (s + ©(£;;¢€;).
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FIGURE 2. Q;19 as a function of {;s + O(€;;€;)
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3. EIGENVALUE PROBLEMS WITH S-DEPENDENT BOUNDARY CONDITIONS

In this section we shall discuss asympotics on subintervals. Before discussing
eigenvalues, we build on the results of Section 2 by considering 2 at one end of an
interval given its value at the other end. As we shall see, this involves s-dependent
conditions at the a;, 0 < j < n. We start with » < 0 on the first subinterval, {2
being specified at ag = 0 via (L2), i.e.,

(3.1) Oy = O(a; 9).
Lemma 3.1. If (1) holds, then

—T 4+ 0(1/s), ae(~/2,0),
QO — 07 o = 0,
T+0(1/s), ae(0,7/2],

and if, in addition, r < ¢ < 0 on (ag,a1), then

tan~! 1/0—1—0(%) , a€0,7/2],

Q1 =Q(a1,5,0,Q) =
' (o o) —7r+tan_11/0+0(\/i§>, a € (—m/2,0).

Here and below, cot~! and tan~! are assumed to take values in the range

(—=m/2,7/2].

Proof. The expression for g follows from (FJl). Referring to Corollary 27 (see
Fig. 1), we see that 1 € J_; in the first case and 1 € Jy in the other two. [l

For the case r > 0 on the final interval (a,—1, a,,) we will also denote the modified
Priifer angle there by ® instead of 2. In particular, (IL3)) implies

(3.2) P, = 0O(8;3)
at a,, and the corresponding ®,,_1 at a,_; obeys the following estimates.
Lemma 3.2. If (32) holds and r > ¢ > 0 on (an—1,an,), where ¢ is a constant,
then
(3.3)

O(=Cn15— 5 =)+ O(2),

6 S (_77/270)5
By = Qan_1,51,8,) =4 O(—Cu1si ——) + O(2), B=0,
B e (0,

€n—1

O(~Cu—15+ 53 ) + O(3), /2.

Proof. Tt is easily verified that

_% + 0(1/8)7 6 € (_71—/270);
(3.4) o, =1{ 0, 5=0,
5+0(1/s), pBe(0,7/2].

From Theorem (a) with j =n — 1 and Lemma 23] (¢) and (e) we have

1 1 1
¢, 1=06 <_Cn—13+ S) <q>n§ —> ; ) +0 <_> .
Un—-1 €n—1 S

Combining the above with (3.4)), we obtain (3.3). O

Before proceeding we need a lemma concerning the s-derivative of ;. if ; is
specified (and vice versa).
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Lemma 3.3. Consider (1.1) on an interval (aj,aj4+1), with r > ¢ > 0.

(@) If Q41 = Qajt1,s,a5,9;) for j < n, then there exist positive constants
c¢=,ct such that for large s,
(35) c S Qj+1 § C+,
where "= i

(b) IfQ = Qa;, s,aj41,Q541) for j <n—1, then there exist positive constants
c¢™,ct such that for large s,

(3.6) ¢ <—Q; <ct
Proof. For this proof we use the modified Priifer angle of [2]. Let
¥ =0 Vr),
so tant) = sy/7/y’, where y satisfies (LLT), and hence
P = s\r — 4 sin? ¢ + r—lsinwcosw.
s\/T 2r
Differentiating the above with respect to s, we get

(3.7) P =+

\/_sm P+ |:2—COS 2 — %sm%ﬂ] .
Treating (37) as a first order linear equation in 1, we see that (377) has integrating
factor

h B 2 ©_sin2y| d
(t) —eXp/t [5 cos 2¢p — s—ﬁsm 14 T

and there exist v > 0 and K > 0 such that 1/y < h(t) < v, for all ¢t € [a;,aj41]
and s > K. Thus

P(ajy1) — Phla;) = /_j+1 (\/_Jr 2/ sin’ ?/1> h dr,
giving
(3.8) Plagn) —dhla) — [ vihar| < 22,

@j+1 lal g

where k = faj NG

In the case of (310), ¢ (a;) = 0, and (B5) follows easily from (3.8).
In the case of (L.2)),

tan «
1+ s2tana’

(ay) =
which with (B8] gives

(3.9) Pmﬂn—/m“¢MdT

J

for some positive constant k1 which depends on r, ¢ and . From (89), (83) follows
easily.
Dividing (88) by h(a;), we can reason as above to establish (3.0)). O
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Since the eigenvalues are ordered by Sturm’s Theorem, we shall also need the
following elementary result on oscillation counts. When we consider oscillation
counts, the modified Priifer angle and the standard Priifer angle behave in a similar
manner, enabling us to deduce the next result as in the case of the unmodified Priifer
angle.

Lemma 3.4. Ifw € (—7/2,7/2] and Q(b; s;a;w) = B + mm, where m € N, B €
(—m/2,7/2], then the oscillation count across (a,b) of non-trivial solutions of (1))

8

m+1 if w<0 and B >0,
m if w>0 and B >0,
m if w<0 and B<O0,
m—1 i w>0 and B<0 (m>0).

We are now ready for the main result of this section, which gives eigenvalue
asymptotics for Sturm-Liouville problems with s-dependent boundary conditions
on subintervals where r > 0. Note that g is specified via BI), ©,, by ©(8;s) (cf.
B2)), and for 0 < j < n the specification of €; is equivalent to the s-dependent
condition
(3.10) sy(a;) = (tan )y’ (a;)
on (1.1).

Theorem 3.5. On an interval (aj,a;4+1) where r > ¢ > 0, consider the equation
() with boundary conditions of the form

(3.11) sy(a;) = k*y'(a;), kT >0,
for 5> 1, and @2) for j =0, at a;; and of the form
(3.12) sy(aj+1) = k7Y (aj41), &k~ <0,

for j+1<n-1, and [L3) for j+1 =n, at ajy1. For each large m € N, this eigen-
value problem has one and only one eigenvalue s = s, > 0, which corresponds to
an eigenfunction with oscillation count m. In addition, s,, is given asymptotically
by:

(m+ ) —tan~ ke 1 4+ O(L), j=n-1, B #0,
(m+1)7 —tan"' ke 1 + O(=) j=n-1, B=0,
Cism = (m+1)7 —tan~! k*ej—i-tan’l(’f/—;)—f—O(%), 1<j<n-2,
(m—l—%)ﬂ—l—tan’l(’i—;)—FO(%), j=0, a#0,
(m+1)7r+tan_1(’f/—;)+0(%), j=0, a=0.

Proof. Let Q; € (—n/2,7/2], the modified Priifer angle at a;, be given by tan; =
kT for j # 0, and by (B) for j = 0. Then, by Lemma[33] there exist ¢, c¢™ > 0
such that (BH) holds for large s.

The eigenvalue condition at a;11 for j +1 = n becomes

(3.13) 2, =0(F;s)+mr, meZ,

and the s-derivative of the right-hand side of the above equation is O(1/s?). Along
with (BH) this shows that for each large m € N there is one and only one s > 0

solving (B13).
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The eigenvalue condition at a;11 for j +1 < n — 1 becomes
(3.14) Qi1 =tan 'k~ +mm, me7Z,

and the s-derivative of the right hand side of the above equation is zero. Along
with (3 this gives that for each large m € N there is one and only one s > 0

solving BI3).

The oscillation count corresponding to each m can be determined from Lemma
B4

It remains to give an asymptotic expression for the sequence s,,,, m € N.

For the case j = n — 1, Theorem 26l a) and (BI3) give

t
Cn—18= —0O(Qp_1;€n—1) + tanfl(s anﬁ) +mm+ O(1/m).
Un—1
Since n > 2, (B11) gives 2,1 = tan"' k¥, and so
stan 3

(o158 = —tan ! (kTe, 1) + tan™!( ) +mm + O(1/m),

Vn—1
and from Lemma [3: the oscillation count corresponding to s is m if g € (0,7/2]
and m — 1 for g € (—7/2,0].
In the case 1 < j < n — 2, Theorem 2.6[a), and (3.14) give
=
(s = —tan ' (kTe;) + tan~ ' (—) + m7 + O(1/m),
Vi

and from Lemma B4 the oscillation count corresponding to s is m — 1.

In the case j = 0, 31) and BI4) give

k
(js = —tan" ! (se; tan ) + tan "' (—) + mm + O(1/m),
vj

and from Lemmal[3.4] the oscillation count corresponding to s is m—1if a € [0,7/2]
and m for a € (—7/2,0). O

Corollary 3.6. Ifr >0 on (a;,a;+1), then o; (see Theorem 1.2) is given asymp-
totically by

(m+%)ﬂ—_COt_1pj*1+O(%)ﬂ j:n—l, ﬂ#07
(m+1)7r—cot_1pj,1+0(#), j=n-—1, 8 =0,
Gismi =1 (m+1L)m—cot™pj_1 —tan ™t p; +O(L), 1<j<n-—2
(m+%)7r_tan_1pj+0(%)a J=0, a#07
(m+1)7 —tan™' p; + O(5), j=0, a=0,

where Sy,; corresponds to an eigenfunction with m zeros in (0,1).

Proof. Comparing (I.9) and (I.I0) with (311) and (3:12)), we see that kT = Vj:ll
and kK~ = —ej_ﬁl. The result now follows from Theorem [B.Al O
4. THE MODIFIED PRUFER ANGLE

In this section two lemmata are given which express the modified Priifer angle,
as a function of s, at the right-hand end of a subinterval where r is negative, under
the assumption that the modified Priifer angle Qg at ag = 0 is given by BI). See
Corollary 2.8 and Figure 2 for the notation J and J' below.
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Lemma 4.1. Let r > ¢ > 0 on (azj,a241), j = 0,...,k, and r < —c < 0 on
(a2j41,a2j42), §=0,....k. Let so < s1 < 59 < ... be a listing of

Y= U g;
i=0,...,2k+1

(so each element of Uai is repeated according to its multiplicity). There exist con-
stants k1, ko € Z and ko, ks > 0 such that if m > ki, then

(41) se P, — ng+2 € jerkz (2]6, S, kg),
where
ko ko ]
Pm = [8m + —,5m -
|: VSm i Vv Sm+1

and, for m such that Py,_1 # 0 and integers N > 0 such that Py n # 0,

m—+N

kO k?o ~
e (o= Gt ) = e U T ko)

where Qa2 = Qazkt2,5,0,Q).

i=m

Proof. For brevity we will present the proof only for the case of a € (0,7/2]; the
proofs for « = 0 and a € (—7/2,0) are similar to the case presented.

(i) We proceed by induction on k. For k = 0 let kg = 4/(p, k2 = 1 and k3 = 1.
Our first step is to show that

4 4
e B —
Cov/Em T Cor/Sm+1
From Lemmas [3.1] and 2.3 we have

se P, = |:sm+ :| — QQ€jm+1(0,S,].).

(4.2) O (s)ie0) — 5 > —%,

for sufficiently large s. Now Corollary B.6] gives

(4.3) <

1
Cosi +tan~t pg — (z + 5) T

1
for sufficiently large . Combining (@3), with ¢ = m, and (f2) for s > s,, + @L\/ﬁ’
we obtain

Gs + O(Q(s)ieo) — 3
4 1
> Gosm+ ——=— =

NCVE

1 -1
> m+§ T —tan " pg —

1 tan=t o 2
) 7 — tan =
m 2 a L0 \/g

Hence for sufficiently large m we have

v

(4.4) Cos +O(Q(s);€0) > (m+ 1)m —tan™ " pg + L

NG
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Since a € (0,7/2], we have

(4.5) O(Q0(s)i o) = 5 < 0.
Combining [&3)), with i =m + 1, (&3] and s < Sy41 — Co\/%’ we obtain
m 4
Gos +O(Qo(s);e0) — 5 < G0sm1 —
3m+1
3 3
< (m+ 2)m—tan~! pg — )
2 Sm+1
Now for large m, we have $;,11 < 98, < 9s; so
1
(4.6) Cos +O(Qo(s);€0) < (m+2)7 —tan™t pg — —=.

NG

Considering both (4) and [Z8), we see that (os + O(Q(s); €0) € I, 1 (0553 1).
Thus from Corollary 2:8we have Q2(s) € Jy,41(0; 55 1), which proves (4.1]) for k£ = 0.

(ii) We next demonstrate

4 4 m+N
sERQ =Sy — ——,Sm4N + ——— = e J/(0,s,1),
< CO\/ Sm, 1 CO\/5m+N> ? U 7’( )

assuming P,,_1 and P,y are nonempty (which is automatic for £ = 0 and suffi-
ciently large m, since ¥ = o consists of simple eigenvalues).

For s > s,,_1 + Co\/% we have

i=m

1
(4.7) Cos +O(Qo(s); €0) —mm +tan"! po > —=,
NG
. 4
as for ([@4) but with m replaced by m — 1. For s < sy n41 — S
1
(4.8) Cos +O(Qo(s);¢0) — (M + N +2)1 +tan " pg < ——=

NG
as for (4.6) but with m replaced by m + N.
Considering both ([47) and (48], we see that for s € Q,
1
75

1
— +mm < (os + O(Qo(s);€0) +tant pg < (m+ N +2)7 —

NG
and thus from Corollary B.8 we have

Lo(1
m7r+tan*1 v — f/(g)

This completes the proof of (ii) and hence of the case k = 0.
(iii) We now proceed to the induction step, and assume the lemma to be true
for £ > 0. Let sg < 51 < s9 < ... be a listing of

Y= U Oi,

i=0,...,2k+1

Lo(1)
7

< Q(s) < (m+ N+ 1)1 +tan vy +

where each element is repeated according to its multiplicity; let 5o < 51 < 5o < ...
be a similar listing of
i = U g;

i=0,...,.2k+3
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(so » = YUookt2 since oaxr3 = (), and finally let no < 71 < ... denote the elements
of 02k+2-

From the assumptions on the induction step we see that (o542, as a function of
s, is of the form illustrated in Figure 3.

Jm+4+k2:
37

It 3+ks!
277

Jm+2-+k2]

e i B Bttt T Bttt B et
ememmmmmdde e e e mmm e dd e e e e e e dd e o,

Im 14k

ddaceccccaaaed

o

"

3

+

N

»

3

+
mmmdde e w] a0 -1

et R Rl
mreeeddacceaadad
Camwdd
[P [0 -

|

1

!

]

-

FIGURE 3. Q242 as a function of s

(iv) We now show there are constants l~fo, ks > 0 such that for each large m

s € pm =  Qopyq € ~m+f€2(2k+2,s,]z}3),

for some integer ky = I;:Q(m), where P, = |5, + \/’“TL,émH — —k | Denote

\/§7n+1
by M(7) the maximum of the set {%;w € [0,7‘(]}, cf. Lemma 23l Let ks =

Lo (ks)M (eax12) and ko = 2ko + %, where igk() is as defined in Corollary
and kg, k2 and ks are given by the induction hypothesis. Let d be the least j such
that s; > 5,41, and let h be the least j such that 7; > 5,,11. It is easily seen that
d and h tend to infinity with m.

Note that for large enough m (and hence d) we have sg/sq—1 < 4, and so
ko/\/5a—1 < ko//3m. Tt follows that P,, C P;_1; so from the induction hypothesis
we have Qopi2(s) € jd,sz(Qk, s, ks) for s € P,,. Thus

(4.9) @(92k+2(s); 62k+2) — (d + ko — 1)7‘1’ — cot™? P2ht1 = ——F#=
and

(4.10) O(Qari2(8); €apy2) — (d+ kg — 1) — cot ™! < —
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follow from Lemma 23

From Corollary [3:6l with j = 2k + 2, there exists an integer A such that for large
i,
Cak+2ko

Vi
cf. @3). Combining @II), with i = h — 1, @3) and s > 741 + ko//3m, we
obtain

Crt2s +  O(Qarsa(s); €2nt2) — (d+ k2 — 1)

Carrako 1 k3
> CoktoNh—1 + ——=— +cot™" pogy1 — —=
Vm NG

(4.11) |§2k+277i +cot™! P2k+1 T tan~! pak42 — (1 + A)ﬂ" <

ki ko K
> (h+A—1)m—tan" ! popio — Gak+2ko + Coktako k3

VTh—1 Vm s
2 2 1
= (h+A—-1)m—tan™' popio + —2 + Caryoko(—— —

/s N =i

Now for sufficiently large m (and hence h), 3, < nn < 4np_1; so
(4.12)

Lk
7

<2k+28 + @(92k+2 (8), 62k+2) > (h +A+d+ ko — 2)71’ — tan_l P2k+2

Combining (ZI1) with ¢ = h, (ZI0) and s < np, — ko , we obtain

vV 8m+1
Corvas + O(Qoria(s);eanya) — (d+ky — D)7
k _ k
< Cokt2mn — Carrako + cot ™! popyr + —=
Sm+1 Vs
_ Corioko  Conyoko ks
< (h4+ A —tan™! poryo + - + =
( ) VTin ViR /s
_ ~ 3 1
< (h+ A7 —tan™! popyo — k3 (ﬁ - _s) .
For sufficiently large h we have %nh < mp—1 < s. Hence we obtain
(4.13)
k
CQk»J,_QS + @(ng+2(s); 62k+2) < (h +d+ A+ ks — 1)7‘( — tan_l P2k+2 — 735

Considering both ([I2) and (£I3), we see that
Cont2s + O(Qarya(s); €2rv2) € Ly pyryra2(2k + 2557 k3).
Thus from Corollary 2.8 we have
(4.14) Qakya(s) € jm+,~€2(m)(2k; +2; 51 k3),
where

m+ko(m)=d+h+ky+A—2.
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(v) The next step is to show that ks (m) constructed as above is in fact indepen-
dent of m. Suppose that there exist

€ |s +I~€O 5 ko
S Sm— Sm —
TV Vo

and

T §m+N+1 I
VSmEN VSm+N+1

where N is a nonnegative integer. The sequence 5, < ... < §,4n can be decom-
posed into the disjoint union of two subsequences (either, but not both, of which
may be empty) sq < ... < $y—1 and 1, < ... < Ny—1. Here d and h are as in
(iv), and w and wu are the corresponding integers with m replaced by m + N. The
numbers of elements in the subsequences are then w — d and v — h respectively, and
it is to be noted that

k, k
te [§m+N + 0 0 1

(4.15) N=w—-d+u—h.
From (B14) we have

Qok1a(s) € Jaghiksra—2(2k +2;5;ks),
and from the analogue of (£14)) with ¢ instead of s we have

Qoisa(t) € Jututhsta—2(2k + 2t; ks).
Thus

m+ky(m)=d+h+k+A-2

and

m+N+kym+N) =wtu+ky+A—-2=d+h+N+k +A—2

from (@IH); so kz(m) = ka(m+ N), as required. This establishes the inductive step

for ().

(vi) The final step is to show that

SEQZ=<§m—£§m+N+ ko )
\/ﬂ’ V§m+N
m+N
= Qogy4q € U j£71+%2 (2/€ + 2, s, /~€3)

i=m

for each large m and each integer N > 0, subject to P,_1 and ]5m+N being
nonempty. )
k

From I2), s > Sm-1 + 0 gives
A Sm—1

(4.16)

k
Cokt2s + O(Nopt2(s); €2p42) — (d+h+ ks + A—3)m + tan ™ P2kt2 > =3

N
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. - E
and, from (ZI3) with s < &1 — ——2—,
\/ Sm4+N+1

(4.17) )
Cony2s + O(Nap () €anra) — (WHu—14 ko + A)m +tan™* pog o < —%-
From (BEI5), (@I6) and (@IT) we see that, for s € Q,
B p(@d+h+h+A=-3)r
< Cort25 + O(Qapr2(5); €arr2) + tan" pojio

<(d+h+N—1+k2+A)7r—%.

Thus from Corollary [Z8 we have

E2k+2(1;3)

(m + ko — 1)m + tan™' vop 45 — NG

< Qogga(s)

< (m + N + I~€2)7T + tan—! Vok+3 + Lakiz(ks)

NG )
which completes the proof of the lemma. O

The following lemma can be proved in a manner similar to Lemma[41} its proof
is omitted.

Lemma 4.2. Let r < —c < 0 on (ag;,a2j+1), j = 0,..,k, and r > ¢ > 0 on
(agj—1,a25), j=1,...,k Let so < s1 < sp < ... be a listing of

v= U o
i=1,...,2k+1

where each element is repeated according to its multiplicity. There exist constants
ki,ko € Z and ko, ks > 0 such that if m > ki, then

se b, — 92k+1 € jm+k2 (2]6 —1,s, k)g),

where P, = [sm + \/’“TO—, Sm+1 — \/Sk—o_} , and, for any m such that P,,_1 # 0 and

141

integers N > 0 such that Py,.n # 0,

m+N
ko ko A
S m T y OMm Q S J"7 2]{)—1, ,]{) s
S (s o s +N+\/m> - 2k+1 zyﬂ i 1+k2( s, k3)

where Qogpr1 = Qask+1,$,0,Q0) is the modified Prifer angle at asg+1, given that
the modified Priifer angle at ag is given by ([B.1).
5. PROOF OF THEOREM
We are now ready to prove our main result.

Note 5.1. For s > 0, A = s? is an eigenvalue of (LT)), (L2), (I3) if and only if:
(a) for the case of r < 0 on (an—1,an),

Q, =Qan,s,0,Q) =P, +mr, meZ,

where Qg and ®,, satisfy (3.1) and (3.2) respectively;
(b) for the case of 7 > 0 on (an—1,an),

Qn—l = Q(an—17 S, 0; QO) = (I)n—l +mm, me Z7
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where ®,,_; is as in Lemma 3.2

Moreover (cf. Lemma 3.4), the oscillation count of non-trivial solutions of (I.1J),
with boundary condition given by (IZ)) and (I3]) when m is as given by (a) or (b),
is

m+1 if a<0 and (>0,
m if >0 and (>0,
m if a<0 and (<0,
m—1 if >0 and [<0.

Proof of Theorem As before we shall restrict attention to the case of o, €
(0,7/2], the other cases being similar.

We begin with the case of r < 0 on (ay—1,a,). From Note[51] s € o if and only
if
(5.1) Q, =&, +mmwr, mezZ,

where m is the oscillation count associated with s.

For sufficiently large m, there is a unique solution s to (5.1) for each large m € N,
by Sturm’s Theorem. This solution corresponds to the intersection of the graphs
of ®,, and Q,, — mm. From Lemmas [4£.1] and (corresponding to even and odd n
respectively) we see that €, — mm and ®,, are as illustrated in Figure 4 for large
s. Here the s,, form a listing of the disjoint union of oy, ...,0,—1 with repetition
according to multiplicity. Note that from (3.4) we obtain ®, = § + O(1/s), and
from Corollary 2R the .J;, are bounded away from 7 /2 for large s. This case of the
theorem has thus been established.
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FIGURE 4. ®,, and ,, — mm as functions of s
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We proceed to the case of r > 0 on (a,—_1,a,). From Note[iI] s € ¢ if and only
if
Q1 =P, 1+mn, mEeL,

and again m is the oscillation count corresponding to s. From Lemmal[3.3(b), there
are positive constants ¢~ and ¢t such that for large s

(5.2) ¢ < =%, <ct,

where "= %. Denote by sg < s1 < ... a listing in increasing order, with repetition
according to multiplicity, of the disjoint union of oy, ..., 0,3 (note that o,,_o = 0).
Then with Lemmas[Z1] and (corresponding to odd and even n respectively) we
have, for large s, the situation illustrated in Figure 5. As before, there is a unique
intersection between the graphs of 2,1 — mm and ®,_1, by Sturm’s Theorem.
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FIGURE 5. ®,,_1 and Q,,_1 — mm as functions of s

It is apparent from Figure 5 that the ordered sequence o can be partitioned, not
necessarily uniquely, into two subsequences ¢; and 7;, in such a manner that

ko ko >
5.3 ti € (8i——=,8 +
(53) (50 T 2

and
(5.4) O, 1(n;) € Ji(n—3im;ks),

where kg and k3 are as given in Lemmas and .2l Thus it suffices to show that
the 7; are within O(-==) of the eigenvalues in o, ;.
j i

From (52), (54) and Corollary 2.8,
(5:5)  my =01 (m +tan~ v + O(1/ 7)) = pj + O(1/V/3),
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cf. [1], where pu; = @, (jm + tan~ v, 2) € o,_1, since (LI) and (L3J) are
equivalent to tan ®,,_1 = v,_o for j = n — 1. This completes the proof. [l

6. EXAMPLE

We present an example illustrating our theory. On [—3, 3] we set ¢(z) = 0 and

( )_{ 1, =ze[-3,-2U[-1,1U][2,3],
TEIEY 21, ze(—2,-1)U(L,2),

and consider the eigenvalue problem

(6.1) — " = sry,
(6.2) Y (=3)=0=y(3).
We begin by solving the problem directly. For z € [—3, —2], the differential equation
is —y” = s%y, which, subject to the Neumann condition at = —3, has solution

y(x) = cos s(x + 3). Thus
G ]

Across [—2, —1] the solution now takes the form

y = cos s cosh s(x + 2) — sin s sinh s(x + 2),

leading to
Y|y | Al
=[]
where
A(s) = cosscoshs — sinssinhs,
B(s) = cosssinhs —sinscoshs.

Continuing to [—1,1], we find the solution to be
y(x) = A(s) coss(x + 1) + B(s)sin s(z + 1).

The symmetry of the problem can be invoked to frame the eigencondition for the
solution constructed thus far as y'(0)y(0) = 0. Considering y(0) = 0, we obtain

(6.3) A(s)coss+ B(s)sins = 0.
It is easy to check that coss # 0 for [E3) to hold, and so

A(s)  —1+tanstanhs
B(s)  tanhs —tans

tans = —

Hence
tan stanh s — tan? s = —1 + tan s tanh s,
tans = +1,
showing that s = (n + )7, (n+ 3)m,n > 0.
The condition y'(0) = 0 yields s = 0, or
B(s) tanh s — tan s
tan s = = ,
A(s) 1—tanstanhs

tanh stan® s — 2tan s + tanh s = 0,

1+ 4/1—tanh®s

6.4 t =
(6.4) ans tanh s
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Now for large s we have tanh s = 1 — 7, where n = O(e=2%),1 > 0; so (G.4)) gives

tans = 1+xe, €>0, e=0(e?),
1
s = (n+ Z)T( ten, €.>0, €,=0("),n>0.
The upshot of these calculations is that the spectrum of the problem (6.1)—(6.2))
is given by

(6.5)
1 1 3 _
oc={0}U{(n+ Z)T(:l:En,(n-f— 1)71’,(714— 1)7‘( :n > 0,6, > 0,6, =0(e™ ™)}
In terms of our general theory we have a9 = —3, a1 = —2, as = —1, ag = 1,

a4=2, a5=3, l/j:1:€j,0§j§4, Cjzl,j:0,1,3,4,and@:2.
To compute oy we solve the problem
—y" =s% on (=3,-2),
y'(=3)=0, sy(-2)=—y'(-2).
It is straightforward to check that this requires s = 0 or tans = 1, i.e., s = 0 or
(n+ {)m,n >0.
For o5 we have the problem

—y" =5’ on (—1,1),

sy(=1) =y'(=1), sy(1) =—y'(1).
Again, easy calculations give s =0 or (n+ 1), (n+ 3)m,n > 0.
Finally, for o4 we have
—y" =s%y on (2,3),
sy(2) =y'(2), ¥'(1)=0,
which produces s =0, (n + i)w,n >0.
It is readily seen that oy, 02, 04 satisfy the conclusions of Corollary 3.6, and that
o of ([G.H) is the disjoint union
Uoallon — 0007r7r7r37757r57r57777r97r977
ooUo2U0y = 7;745474547454547474547'“
to exponentially small order (recall o1 = o3 = (), illustrating Theorem 1.2 in a case
of resonance.
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