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SPECTRAL ASYMPTOTICS
FOR STURM-LIOUVILLE EQUATIONS

WITH INDEFINITE WEIGHT

PAUL A. BINDING, PATRICK J. BROWNE, AND BRUCE A. WATSON

Abstract. The Sturm-Liouville equation

− (py′)′ + qy = λry on [0, l]

is considered subject to the boundary conditions

y(0) cosα = (py′)(0) sinα,

y(l) cos β = (py′)(l) sinβ.

We assume that p is positive and that pr is piecewise continuous and changes
sign at its discontinuities. We give asymptotic approximations up to O(1/

√
n)

for
√
λn, or equivalently up to O(

√
n) for λn, the eigenvalues of the above

boundary value problem.

1. Introduction

Asymptotics for Sturm-Liouville equations

− (py′)′ + qy = λry(1.1)

subject to boundary conditions

y(0) cosα = (py′)(0) sinα, α ∈ (−π/2, π/2],(1.2)
y(l) cosβ = (py′)(l) sinβ, β ∈ (−π/2, π/2],(1.3)

are classical when the coefficients permit a Liouville transformation (so, in partic-
ular, p, r are positive). For example, if the resulting q (once p and r are reduced to
one) is L1 and αβ 6= 0, then the eigenvalues (which we label λm, corresponding to
eigenfunctions with m zeros in (0, l) for sufficiently large m) satisfy

λm = am2 + b+ o(1)(1.4)

as m → ∞, where a and b can be given simply in terms of the data in (1.1)-(1.3).
We remark that (1.4) is sometimes written in the equivalent form

sm = cm+ dm−1 + o(m−1).(1.5)

Here sm is (for large m) the positive square root of λm. When more smoothness is
imposed on the coefficients, the o terms may be developed in powers of m−1. See,
e.g., [8], [10] for discussions of these ideas.

Received by the editors January 12, 2002.
2000 Mathematics Subject Classification. Primary 34L20, 34B09, 34B24; Secondary 47E05.
Key words and phrases. Eigenvalue asymptotics, indefinite weight, turning point.

c©2002 American Mathematical Society

4043



4044 PAUL A. BINDING, PATRICK J. BROWNE, AND BRUCE A. WATSON

Weaker results are available when less is assumed of the coefficients. The most
general result of this type seems to be due to Atkinson and Mingarelli [1], who
assume that 1/p, q, r ∈ L1, p > 0, with no sign restriction on r. Then (for large m)
the eigenvalues form two sequences λ±m, one positive and one negative, tending to
±∞, and the positive one satisfies an asymptotic relation of the form

λ+
m = a+m2 + o(m2).(1.6)

It is important to note that a+ depends only on the positive values of r; so one can
“ignore” negative values. We remark that the corresponding results for the sequence
of negative eigenvalues can be obtained by considering only negative values of r,
by virtue of the relation λr = (−λ)(−r). In view of this we shall consider only the
positive sequence in what follows.

We shall examine a situation in between those of the previous two paragraphs,
where r is permitted sign changes at a finite number of so-called “turning points”
(TP). When the coefficients are smooth (in particular at the TP which we then
call smooth TP), asymptotics have been developed by R. E. Langer [9] and several
authors since (see, e.g., [4] and the references there). By contrast, our coefficients (at
least pr) will be discontinuous at the TP. Actually, Dorodnicyn [4] does allow a type
of singularity at his (single) TP, but his results do not allow finite discontinuities
as here. Recently Strelitz [11] has treated a situation where both smooth and
discontinuous TP are permitted. While his results are mostly for more general
problems depending on a large parameter λ, his asymptotics for eigenvalues reduce
to (1.6) for the case studied here.

An improvement on (1.6) has been obtained by Eberhard and Freiling [5], for the
case when p = 1 and r is a step function; so all TP are discontinuous. They allow
more general differential equations and boundary conditions, but for (1.1)-(1.3),
their asymptotic relation takes the form

λ+
m = a+m2 +O(m),(1.7)

which is equivalent to

sm = cm+O(1)(1.8)

for the corresponding square roots. Here we shall allow all the coefficients to be
nonconstant between the TP, and we shall obtain the O(1) term in (1.8) explicitly,
with an error term of O(m−1/2). A comparison of (1.5) with (1.8) shows that
indefiniteness of the weight function r gives rise to the extra terms between cm and
dm−1. In the sequel, for brevity, we also refer to sm =

√
λm as an eigenvalue of

(1.1)-(1.3).
It turns out that our O(1) term is also independent of the negative values of r;

so, up to O(m−1/2), the asymptotics depend only on subproblems on the disjoint
intervals where r is positive. In fact, our main result states (roughly) that the λ+

m

asymptotically form the “disjoint” (see below) union of the positive eigenvalues for
these subproblems. Two remarks are in order here, however. First, some of the
eigenvalues from the subproblems may coincide. This resonance effect complicates
our analysis considerably. For example, we must allow repeated elements in the
above union (which is termed disjoint) in this case; see Definition 1.1. In particular,
there is the possibility that an infinite sequence of λ+

m appear asymptotically as
multiple eigenvalues, despite the well-known fact that they are simple. We give
an example of this behaviour in Section 6, where various sequences of eigenvalues
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are separated by distances that are exponentially small in m. The implications for
numerical calculation are evident.

Our second remark concerns the fact that the subproblems have their own bound-
ary conditions, and these turn out to depend on s (=

√
λ), except for the end

intervals, where the original conditions (1.2) and (1.3) are used. We note that ap-
plications of s-dependent boundary conditions can be found in [6] and the references
therein.

Section 2 gives the definition of, and some preliminary results about, a modified
Prüfer angle. We develop asymptotics for problems with s-dependent boundary
conditions on a single subinterval in Section 3. Section 4 extends the theory of
the modified Prüfer angle to several subintervals. The proof of our main result,
Theorem 1.2 below, is detailed in Section 5.

Here and in the remainder of this work we assume that 0 = a0 < a1 < ... <
an = l, where pr|(aj ,aj+1) and (pr)′|(aj ,aj+1) have continuous extensions to [aj, aj+1],
(pr)′′|(aj ,aj+1) ∈ L1(aj , aj+1) for all j = 0, ..., n− 1,

lim
x→a+

j

pr(x) lim
x→a−j

pr(x) < 0, j = 1, ..., n− 1,

and limx→a+
0
pr(x) 6= 0 6= limx→a−n pr(x). In addition we assume q ∈ L1[0, l]. By

means of a standard change of independent variable (cf. [2]) we may and shall
assume that p = 1 in what follows.

With reference to (1.1), we define positive quantities

δj =

[
r(a+

j )

r(a−j+1)

]1/4

,

ρj =

∣∣∣∣∣r(a
−
j+1)

r(a+
j+1)

∣∣∣∣∣
1/2

,

εj = |r(a+
j )|1/2,

νj = |r(a−j+1)|−1/2,

ζj =
∫ aj+1

aj

√
|r(x)| dx, j = 0, ..., n− 1,

where a+
j and a−j+1 denote limits from respectively the right at aj and from the left

at aj+1, and we set a+
n = a−n . Note that νj = δ2

j /εj and ρj = (εj+1νj)−1.

Definition 1.1. Given strictly increasing real sequences σ0, ..., σm, each of which
has no finite accumulation point, we say that a sequence σ is the disjoint union

•⋃
j=0,...,m

σj

to order γ if, with the sets σ and
⋃
{σj : j = 0, ...,m} labelled s0, s1, ... and S0, S1, ...

respectively in increasing order (but with each Sj being repeated according to the
number of σj to which it belongs), there exist constants κ, κ1, κ2 such that for all
k ≥ κ,

|sk − Sk+κ2 | < κ1k
γ .
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If r < −c < 0 on (aj , aj+1), we define σj = ∅. If r > c > 0 on (aj , aj+1),
we define σj to be the set of positive eigenvalues s =

√
λ of (1.1) with boundary

conditions (1.2) and (1.10) for j = 0, (1.9) and (1.10) for 1 ≤ j ≤ n− 2, and finally
(1.9) and (1.3) for j = n− 1, where

sy(aj) = νj−1y
′(aj),(1.9)

sεj+1y(aj+1) = −y′(aj+1).(1.10)

Our principal result expresses σ asymptotically in terms of the σj as follows.

Theorem 1.2. The set σ of positive eigenvalues s =
√
λ of (1.1), (1.2) and (1.3)

is the disjoint union of the σj, j = 0, ..., n− 1, defined as above, to order −1/2.

Asymptotic expressions for the sequences σj are given in Corollary 3.6.

2. Preliminary considerations

We start with the following.

Lemma 2.1. (a) If r > c > 0 on (aj , aj+1), where c is a constant, then[
y(aj+1)
y′(aj+1)

s

]
=

([
δj cos ζjs

δj
εj

sin ζjs
− εj
δj

sin ζjs 1
δj

cos ζjs

]
+O

(
1
s

))[
y(aj)
y′(aj)
s

]
.(2.1)

(b) If r < c < 0 on (aj , aj+1), where c is a constant, then[
y(aj+1)
y′(aj+1)

s

]
=

([
δj

δj
εj

εj
δj

1
δj

]
+O

(
1
s

))[
y(aj)
y′(aj)
s

]
cosh ζjs.(2.2)

Here and below, o(·) and O(·) refer to the limiting process s→∞.

Proof. This is a direct consequence of the asymptotics in the Appendix of [7] (which
treats r > 0 and λ ∈ C): (a) and (b) follow by taking positive and negative λ
respectively.

The following function enables us to write some tedious arithmetic in a compact
form.

Definition 2.2. We denote by Θ(ω; k), k > 0, the angle depending continuously
on ω such that Θ(0; k) = 0 and tan Θ(ω; k) = k tanω.

Lemma 2.3. (a) Θ(mπ2 ; k) = mπ
2 for all m ∈ Z.

(b) If ω ∈
[

(m−1)π
2 , mπ2

]
, then Θ(ω; k) ∈

[
(m−1)π

2 , mπ2

]
, for all m ∈ Z.

(c) Θ(Θ(ω; k); 1
k ) = ω.

(d) Θ(ω; k) is C∞ with respect to both ω and k.
(e) For each k > 0 there exist constants c1, c2 > 0 such that c1 ≤ ∂Θ(ω;k)

∂ω ≤ c2
for all ω ∈ R, and hence Θ(ω, k) is monotonically increasing with respect to
ω for fixed k > 0.

(f) Θ(mπ + ω; k) = mπ + Θ(ω; k) for all m ∈ Z.

Proof. (a)-(c) and (f) are immediate. Moreover, ∂Θ(ω;k)
∂ω = k−1 cos2 Θ sec2 ω =

k−1 cos2 Θ + k sin2 Θ, from which (d) and (e) follow easily.

The next item we introduce is a modified Prüfer angle. For details on the cus-
tomary Prüfer angle we refer the reader to [3], and for different modifications of
the Prüfer angle, to [1], [2].
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Definition 2.4. We define the modified Prüfer angle, Ω(x; s;χ;ω) of (1.1), to be
the angle continuously dependent on x such that

Ω(χ; s;χ;ω) = ω, tan(Ω(x; s;χ;ω)) =
sy(x)
y′(x)

,

where y is the solution of (1.1) satisfying the Cauchy conditions y(χ) = sinω and
y′(χ) = s cosω.

Lemma 2.5. The modified Prüfer angle Ω has the following properties in common
with the usual Prüfer angle:

(a) Ω(x; s;χ;ω +mπ) = Ω(x; s;χ;ω) +mπ for all m ∈ Z;
(b) Ω(x; s;χ;ω) is monotonically increasing in ω.

Proof. Ω is the solution of the differential equation
∂Ω
∂x

= s
[
cos2 Ω +

(
r − q

s2

)
sin2 Ω

]
with Cauchy condition Ω(χ; s;χ;ω) = ω. Now (a) (resp. (b)) follows because the
right side of (2.4) is periodic (resp. Lipschitz) in Ω.

The theorem below gives some basic building-blocks of the paper. We assume
that the modified Prüfer angle at aj is Ωj, so in particular, Ωj+1 = Ω(aj+1; s; aj ; Ωj).

Theorem 2.6. (a) If r > c > 0 on (aj , aj+1), where c is a constant, then

Ωj+1 = Θ(ζjs+ Θ(Ωj ; εj); νj) +O

(
1
s

)
.(2.3)

(b) Let δ > 0 and r < c < 0 on (aj , aj+1), where c is a constant. If

Ωj /∈ I(j; s; δ) =
⋃
m∈Z

Im(j; s; δ),

where

Im(j; s; δ) =
(
mπ + Θ

(
−π

4
;

1
εj

)
− δ√

s
,mπ + Θ

(
−π

4
;

1
εj

)
+

δ√
s

)
,

then for suitable constants Lj(δ) > 0,

Ωj+1 ∈ J(j; s; δ) =
⋃
m∈Z

Jm(j; s; δ),

where

Jm(j; s; δ) =
[
mπ + Θ

(π
4

; νj
)
− Lj(δ)√

s
,mπ + Θ

(π
4

; νj
)

+
Lj(δ)√

s

]
(2.4)

for large s.

Proof. For the proof we use the results of Lemma 2.1. From the definition of Θ(·; ·)
and since Ωj is the modified Prüfer angle at aj , we have y(aj) = ρ sin Θ(Ωj ; εj) and
y′(aj)
s = ρεj cos Θ(Ωj ; εj) for some non-zero ρ.

For (a) we substitute the above expressions for y(aj) and y′(aj)
s into (2.1), giving[

y(aj+1)
y′(aj+1)

s

]
= ρ

[
δj sin(ζjs+ Θ(Ωj ; εj)) +O(1/s)
εj
δj

cos(ζjs+ Θ(Ωj ; εj)) +O(1/s)

]
,

and hence (2.3) follows.
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Case (b) requires more careful analysis. From (2.2) we obtain[
y(aj+1)
y′(aj+1)

s

]
=
[
δj(sin Θ(Ωj ; εj) + cos Θ(Ωj ; εj) +O(1/s))
εj
δj

(sin Θ(Ωj ; εj) + cos Θ(Ωj; εj) +O(1/s))

]
ρ cosh ζjs.

If Ωj /∈ I(j; s; δ), then∣∣∣∣mπ + Θ
(
−π

4
;

1
εj

)
− Ωj

∣∣∣∣ ≥ δ√
s
, ∀m ∈ Z,

and, with Lemma 2.3 (e) and (f), we can conclude that∣∣∣∣Θ(mπ + Θ
(
−π

4
;

1
εj

)
, εj)−Θ (Ωj ; εj)

∣∣∣∣ ≥ c1δ√
s

;

so, by Lemma 2.3 (c),∣∣∣mπ − (π
4

+ Θ (Ωj ; εj)
)∣∣∣ ≥ c1δ√

s
, ∀m ∈ Z,

where c1 > 0 depends only on εj . Hence
√

2
∣∣∣sin(π

4
+ Θ (Ωj ; εj)

)∣∣∣ ≥ c1δ√
s
,

for all s >
(

4c1δ
π

)2
. Consequently, for all such s,

| sin Θ(Ωj ; εj) + cos Θ(Ωj; εj)| ≥
c1δ√
s
,

, which enables us to conclude that

sy(aj+1)
y′(aj+1)

= νj

(
1 +O

(
1√
s

))
,

and (2.4) is an immediate consequence.

From Theorem 2.6 and Lemma 2.5 we obtain the following corollary, which
illustrates the behaviour of the modified Prüfer angle at the right end of an interval
of negative weight, as a function of the modified Prüfer angle at the left end of the
interval.

Corollary 2.7. Let the modified Prüfer angle at aj be Ωj , j = 0, ..., n. Suppose
that r < c < 0 on (aj , aj+1), where c is a constant. Let δ > 0. Then, for large s,
Ωj+1 is a continuous strictly increasing function of Ωj, such that if Ωj is increased
by kπ, k ∈ Z, then Ωj+1 increases by kπ and the point (Ωj ,Ωj+1) in R2 satisfies
the relation

(Ωj ,Ωj+1) ∈
⋃
m∈Z

[[I ′m(j; s; δ)× Jm(j; s; δ)] ∪ [Im+1(j; s; δ)× J ′m(j; s; δ)]] ,

where

I ′m(j; s; δ) =
[
mπ + Θ

(
−π

4
;

1
εj

)
+

δ√
s
, (m+ 1)π + Θ

(
−π

4
;

1
εj

)
− δ√

s

]
,

J ′m(j; s; δ) =
(
mπ + Θ

(π
4

; νj
)
− Lj(δ)√

s
, (m+ 1)π + Θ

(π
4

; νj
)

+
Lj(δ)√

s

)
,

and Im(j; s; δ), Jm(j; s; δ) and Lj(δ) > 0 are as in Theorem 2.6.
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Proof. After consideration of Theorem 2.6 it is evident that all that is needed to
prove this corollary is to match up the Im and Jr indices. In order to perform this
matching it is sufficient to obtain the pairing at some single point on the (Ωj ; Ωj+1)
curve, after which all other matchings are uniquely determined by periodicity and
monotonicity of the curve.

We consider the case of Ωj = π/4. In this case y(aj), y′(aj) > 0. Let x be the
minimal value (if there is one) in [aj , aj+1] such that y(x)y′(x) = 0. If y(x) = 0,
then y′(t) > 0 for all t ∈ (aj , x), so y(x) > y(aj) > 0, contradiction. Thus
y(t) > 0 for all t ∈ [aj , x], and by continuity y(t) > b > 0, say. It follows that
y′(x) − y′(aj) =

∫ x
aj

(q − s2r)y > b
∫ x
aj

(q + s2|c|) > 0 for s2 > |c|−1‖q‖1, whence
y′(x) > y′(aj) > 0. This second contradiction shows that x does not exist for large
s, and so the corresponding Ωj+1 is in the interval (0, π/2).

Thus we have determined that Ωj ∈ I ′0(j; s; δ) gives Ωj+1 ∈ J0(j; s; δ). But the
monotonicity of Ωj+1 as a function of Ωj then shows that if Ωj ∈ I1(j; s; δ), then
Ωj+1 ∈ J ′0(j; s; δ). The periodicity of the same function completes the proof.

Corollary 2.7 can be illustrated diagrammatically by the graph of Ωj+1(Ωj) as
in Figure 1.

Figure 1. Ωj+1 as a function of Ωj

We end this section by giving an expression for the modified Prüfer angle Ωj+2

at aj+2 in terms of the modified Prüfer angle Ωj at aj , under the condition that r
is positive on the interval (aj , aj+1) and hence negative on the interval (aj+1, aj+2).
This is a direct consequence of (2.3) and Corollary 2.7.

Corollary 2.8. Suppose that 0 ≤ j ≤ n − 2, r > c > 0 on (aj , aj+1), and r <
−c < 0 on (aj+1, aj+2), where c is a constant. Then Ωj+2 = Ω(aj+2, s, aj,Ωj)
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is a continuous strictly increasing function of Ωj, such that if Ωj is increased by
kπ, k ∈ Z, then Ωj+2 increases by kπ, and for large s we have

(ζjs+ Θ(Ωj; εj); Ωj+2)

∈
⋃
m∈Z

[
[Ĩ ′m(j; s; δ)× J̃m(j; s; δ)] ∪ [Ĩm+1(j; s; δ)× J̃ ′m(j; s; δ)]

]
,

where

Ĩm(j; s; δ) =
(
mπ + Θ

(
−π

4
; ρj
)
− δ√

s
,mπ + Θ

(
−π

4
; ρj
)

+
δ√
s

)
,

Ĩ ′m(j; s; δ) =
[
mπ + Θ

(
−π

4
; ρj
)

+
δ√
s
, (m+ 1)π + Θ

(
−π

4
; ρj
)
− δ√

s

]
,

J̃m(j; s; δ) =

[
mπ + Θ

(π
4

; νj+1

)
− L̃j(δ)√

s
,mπ + Θ

(π
4

; νj+1

)
+
L̃j(δ)√

s

]
,

J̃ ′m(j; s; δ) =

(
mπ + Θ

(π
4

; νj+1

)
− L̃j(δ)√

s
, (m+ 1)π + Θ

(π
4

; νj+1

)
+
L̃j(δ)√

s

)
,

and L̃j > 0 is a constant independent of s and Ωj.

The resultant behaviour of Ωj+2 as a function of Ωj and s is illustrated in Figure
2. Note that the horizontal axis refers to ζjs+ Θ(Ωj ; εj).

Figure 2. Ωj+2 as a function of ζjs+ Θ(Ωj ; εj)
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3. Eigenvalue problems with s-dependent boundary conditions

In this section we shall discuss asympotics on subintervals. Before discussing
eigenvalues, we build on the results of Section 2 by considering Ω at one end of an
interval given its value at the other end. As we shall see, this involves s-dependent
conditions at the aj, 0 < j < n. We start with r < 0 on the first subinterval, Ω
being specified at a0 = 0 via (1.2), i.e.,

Ω0 = Θ(α; s).(3.1)

Lemma 3.1. If (3.1) holds, then

Ω0 =

 −
π
2 +O(1/s), α ∈ (−π/2, 0),

0, α = 0,
π
2 +O(1/s), α ∈ (0, π/2],

and if, in addition, r < c < 0 on (a0, a1), then

Ω1 = Ω(a1, s, 0,Ω0) =

 tan−1 ν0 +O
(

1√
s

)
, α ∈ [0, π/2],

−π + tan−1 ν0 +O
(

1√
s

)
, α ∈ (−π/2, 0).

Here and below, cot−1 and tan−1 are assumed to take values in the range
(−π/2, π/2].

Proof. The expression for Ω0 follows from (3.1). Referring to Corollary 2.7 (see
Fig. 1), we see that Ω1 ∈ J−1 in the first case and Ω1 ∈ J0 in the other two.

For the case r > 0 on the final interval (an−1, an) we will also denote the modified
Prüfer angle there by Φ instead of Ω. In particular, (1.3) implies

Φn = Θ(β; s)(3.2)

at an, and the corresponding Φn−1 at an−1 obeys the following estimates.

Lemma 3.2. If (3.2) holds and r > c > 0 on (an−1, an), where c is a constant,
then

Φn−1 = Ω(an−1, s, l,Φn) =


Θ(−ζn−1s− π

2 ; 1
εn−1

) +O(1
s ), β ∈ (−π/2, 0),

Θ(−ζn−1s; 1
εn−1

) +O(1
s ), β = 0,

Θ(−ζn−1s+ π
2 ; 1

εn−1
) +O(1

s ), β ∈ (0, π/2].

(3.3)

Proof. It is easily verified that

Φn =

 −
π
2 +O(1/s), β ∈ (−π/2, 0),

0, β = 0,
π
2 +O(1/s), β ∈ (0, π/2].

(3.4)

From Theorem 2.6 (a) with j = n− 1 and Lemma 2.3 (c) and (e) we have

Φn−1 = Θ
(
−ζn−1s+ Θ

(
Φn;

1
νn−1

)
;

1
εn−1

)
+O

(
1
s

)
.

Combining the above with (3.4), we obtain (3.3).

Before proceeding we need a lemma concerning the s-derivative of Ωj+1 if Ωj is
specified (and vice versa).
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Lemma 3.3. Consider (1.1) on an interval (aj , aj+1), with r > c > 0.
(a) If Ωj+1 = Ω(aj+1, s, aj,Ωj) for j ≤ n, then there exist positive constants

c−, c+ such that for large s,

c− ≤ Ω̇j+1 ≤ c+,(3.5)

where ˙= ∂
∂s .

(b) If Ωj = Ω(aj , s, aj+1,Ωj+1) for j ≤ n−1, then there exist positive constants
c−, c+ such that for large s,

c− ≤ −Ω̇j ≤ c+.(3.6)

Proof. For this proof we use the modified Prüfer angle of [2]. Let

ψ = Θ(Ω;
√
r),

so tanψ = sy
√
r/y′, where y satisfies (1.1), and hence

ψ′ = s
√
r − q

s
√
r

sin2 ψ +
r′

2r
sinψ cosψ.

Differentiating the above with respect to s, we get

ψ̇′ =
√
r +

q

s2
√
r

sin2 ψ +
[
r′

2r
cos 2ψ − q

s
√
r

sin 2ψ
]
ψ̇.(3.7)

Treating (3.7) as a first order linear equation in ψ̇, we see that (3.7) has integrating
factor

h(t) = exp
∫ aj+1

t

[
r′

2r
cos 2ψ − q

s
√
r

sin 2ψ
]
dτ,

and there exist γ > 0 and K > 0 such that 1/γ ≤ h(t) ≤ γ, for all t ∈ [aj , aj+1]
and s > K. Thus

ψ̇(aj+1)− ψ̇h(aj) =
∫ aj+1

aj

(√
r +

q

s2
√
r

sin2 ψ

)
h dτ,

giving ∣∣∣∣∣ψ̇(aj+1)− ψ̇h(aj)−
∫ aj+1

aj

√
rh dτ

∣∣∣∣∣ ≤ κγ

s2
,(3.8)

where κ =
∫ aj+1

aj

|q|√
r
dτ .

In the case of (3.10), ψ̇(aj) = 0, and (3.5) follows easily from (3.8).
In the case of (1.2),

ψ̇(aj) =
tanα

1 + s2 tan2 α
,

which with (3.8) gives∣∣∣∣∣ψ̇(aj+1)−
∫ aj+1

aj

√
rh dτ

∣∣∣∣∣ ≤ κ1γ

s2
(3.9)

for some positive constant κ1 which depends on r, q and α. From (3.9), (3.5) follows
easily.

Dividing (3.8) by h(aj), we can reason as above to establish (3.6).



SPECTRAL ASYMPTOTICS FOR STURM-LIOUVILLE EQUATIONS 4053

Since the eigenvalues are ordered by Sturm’s Theorem, we shall also need the
following elementary result on oscillation counts. When we consider oscillation
counts, the modified Prüfer angle and the standard Prüfer angle behave in a similar
manner, enabling us to deduce the next result as in the case of the unmodified Prüfer
angle.

Lemma 3.4. If ω ∈ (−π/2, π/2] and Ω(b; s; a;ω) = B + mπ, where m ∈ N, B ∈
(−π/2, π/2], then the oscillation count across (a, b) of non-trivial solutions of (1.1)
is

m+ 1 if ω < 0 and B > 0,
m if ω ≥ 0 and B > 0,
m if ω < 0 and B ≤ 0,

m− 1 if ω ≥ 0 and B ≤ 0 (m > 0).

We are now ready for the main result of this section, which gives eigenvalue
asymptotics for Sturm-Liouville problems with s-dependent boundary conditions
on subintervals where r > 0. Note that Ω0 is specified via (3.1), Ωn by Θ(β; s) (cf.
(3.2)), and for 0 < j < n the specification of Ωj is equivalent to the s-dependent
condition

sy(aj) = (tan Ωj)y′(aj)(3.10)

on (1.1).

Theorem 3.5. On an interval (aj , aj+1) where r > c > 0, consider the equation
(1.1) with boundary conditions of the form

sy(aj) = k+y′(aj), k+ > 0,(3.11)

for j ≥ 1, and (1.2) for j = 0, at aj; and of the form

sy(aj+1) = k−y′(aj+1), k− < 0,(3.12)

for j+1 ≤ n−1, and (1.3) for j+1 = n, at aj+1. For each large m ∈ N, this eigen-
value problem has one and only one eigenvalue s = sm > 0, which corresponds to
an eigenfunction with oscillation count m. In addition, sm is given asymptotically
by:

ζjsm =



(m+ 1
2 )π − tan−1 k+εn−1 +O( 1

m ), j = n− 1, β 6= 0,
(m+ 1)π − tan−1 k+εn−1 +O( 1

m ), j = n− 1, β = 0,
(m+ 1)π − tan−1 k+εj + tan−1(k

−

νj
) +O( 1

m ), 1 ≤ j ≤ n− 2,

(m+ 1
2 )π + tan−1(k

−

νj
) +O( 1

m ), j = 0, α 6= 0,

(m+ 1)π + tan−1(k
−

νj
) +O( 1

m ), j = 0, α = 0.

Proof. Let Ωj ∈ (−π/2, π/2], the modified Prüfer angle at aj, be given by tan Ωj =
k+ for j 6= 0, and by (3.1) for j = 0. Then, by Lemma 3.3, there exist c−, c+ > 0
such that (3.5) holds for large s.

The eigenvalue condition at aj+1 for j + 1 = n becomes

Ωn = Θ(β; s) +mπ, m ∈ Z,(3.13)

and the s-derivative of the right-hand side of the above equation is O(1/s2). Along
with (3.5) this shows that for each large m ∈ N there is one and only one s > 0
solving (3.13).
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The eigenvalue condition at aj+1 for j + 1 ≤ n− 1 becomes

Ωj+1 = tan−1 k− +mπ, m ∈ Z,(3.14)

and the s-derivative of the right hand side of the above equation is zero. Along
with (3.5) this gives that for each large m ∈ N there is one and only one s > 0
solving (3.13).

The oscillation count corresponding to each m can be determined from Lemma
3.4.

It remains to give an asymptotic expression for the sequence sm,m ∈ N.
For the case j = n− 1, Theorem 2.6(a) and (3.13) give

ζn−1s = −Θ(Ωn−1; εn−1) + tan−1(
s tanβ
νn−1

) +mπ +O(1/m).

Since n ≥ 2, (3.11) gives Ωn−1 = tan−1 k+, and so

ζn−1s = − tan−1(k+εn−1) + tan−1(
s tanβ
νn−1

) +mπ +O(1/m),

and from Lemma 3.4 the oscillation count corresponding to s is m if β ∈ (0, π/2]
and m− 1 for β ∈ (−π/2, 0].

In the case 1 ≤ j ≤ n− 2, Theorem 2.6(a), (3.11) and (3.14) give

ζjs = − tan−1(k+εj) + tan−1(
k−

νj
) +mπ +O(1/m),

and from Lemma 3.4 the oscillation count corresponding to s is m− 1.
In the case j = 0, (3.1) and (3.14) give

ζjs = − tan−1(sεj tanα) + tan−1(
k−

νj
) +mπ +O(1/m),

and from Lemma 3.4 the oscillation count corresponding to s is m−1 if α ∈ [0, π/2]
and m for α ∈ (−π/2, 0).

Corollary 3.6. If r > 0 on (aj , aj+1), then σj (see Theorem 1.2) is given asymp-
totically by

ζjsmj =


(m+ 1

2 )π − cot−1 ρj−1 +O( 1
m ), j = n− 1, β 6= 0,

(m+ 1)π − cot−1 ρj−1 +O( 1
m ), j = n− 1, β = 0,

(m+ 1)π − cot−1 ρj−1 − tan−1 ρj +O( 1
m ), 1 ≤ j ≤ n− 2,

(m+ 1
2 )π − tan−1 ρj +O( 1

m), j = 0, α 6= 0,
(m+ 1)π − tan−1 ρj +O( 1

m ), j = 0, α = 0,

where smj corresponds to an eigenfunction with m zeros in (0, l).

Proof. Comparing (1.9) and (1.10) with (3.11) and (3.12), we see that k+ = ν−1
j−1

and k− = −ε−1
j+1. The result now follows from Theorem 3.5.

4. The modified Prüfer angle

In this section two lemmata are given which express the modified Prüfer angle,
as a function of s, at the right-hand end of a subinterval where r is negative, under
the assumption that the modified Prüfer angle Ω0 at a0 = 0 is given by (3.1). See
Corollary 2.8 and Figure 2 for the notation J̃ and J̃ ′ below.
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Lemma 4.1. Let r > c > 0 on (a2j , a2j+1), j = 0, ..., k, and r < −c < 0 on
(a2j+1, a2j+2), j = 0, ..., k. Let s0 ≤ s1 ≤ s2 ≤ ... be a listing of

Σ =
•⋃

i=0,...,2k+1

σi

(so each element of
⋃̇
σi is repeated according to its multiplicity). There exist con-

stants k1, k2 ∈ Z and k0, k3 > 0 such that if m ≥ k1, then

s ∈ Pm =⇒ Ω2k+2 ∈ J̃m+k2(2k, s, k3),(4.1)

where

Pm =
[
sm +

k0√
sm

, sm+1 −
k0√
sm+1

]
,

and, for m such that Pm−1 6= ∅ and integers N ≥ 0 such that Pm+N 6= ∅,

s ∈
(
sm −

k0√
sm

, sm+N +
k0√
sm+N

)
=⇒ Ω2k+2 ∈

m+N⋃
i=m

J̃ ′i−1+k2
(2k, s, k3),

where Ω2k+2 = Ω(a2k+2, s, 0,Ω0).

Proof. For brevity we will present the proof only for the case of α ∈ (0, π/2]; the
proofs for α = 0 and α ∈ (−π/2, 0) are similar to the case presented.

(i) We proceed by induction on k. For k = 0 let k0 = 4/ζ0, k2 = 1 and k3 = 1.
Our first step is to show that

s ∈ Pm =
[
sm +

4
ζ0
√
sm

, sm+1 −
4

ζ0
√
sm+1

]
=⇒ Ω2 ∈ J̃m+1(0, s, 1).

From Lemmas 3.1 and 2.3 we have

Θ(Ω0(s); ε0)− π

2
≥ − 1√

s
,(4.2)

for sufficiently large s. Now Corollary 3.6 gives∣∣∣∣ζ0si + tan−1 ρ0 −
(
i+

1
2

)
π

∣∣∣∣ < 1
√
si
,(4.3)

for sufficiently large i. Combining (4.3), with i = m, and (4.2) for s ≥ sm + 4
ζ0
√
sm

,
we obtain

ζ0s + Θ(Ω0(s); ε0)− π

2

≥ ζ0sm +
4√
sm
− 1√

s

>

(
m+

1
2

)
π − tan−1 ρ0 −

1
√
sm

+
4
√
sm
− 1√

s

≥
(
m+

1
2

)
π − tan−1 ρ0 +

2√
s
.

Hence for sufficiently large m we have

ζ0s+ Θ(Ω0(s); ε0) > (m+ 1)π − tan−1 ρ0 +
1√
s
.(4.4)
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Since α ∈ (0, π/2], we have

Θ(Ω0(s); ε0)− π

2
≤ 0.(4.5)

Combining (4.3), with i = m+ 1, (4.5) and s ≤ sm+1 − 4
ζ0
√
sm+1

, we obtain

ζ0s+ Θ(Ω0(s); ε0)− π

2
≤ ζ0sm+1 −

4
√
sm+1

< (m+
3
2

)π − tan−1 ρ0 −
3

√
sm+1

.

Now for large m, we have sm+1 ≤ 9sm ≤ 9s; so

ζ0s+ Θ(Ω0(s); ε0) < (m+ 2)π − tan−1 ρ0 −
1√
s
.(4.6)

Considering both (4.4) and (4.6), we see that ζ0s+ Θ(Ω0(s); ε0) ∈ Ĩ ′m+1(0; s; 1).
Thus from Corollary 2.8 we have Ω2(s) ∈ J̃m+1(0; s; 1), which proves (4.1) for k = 0.

(ii) We next demonstrate

s ∈ Q :=
(
sm −

4
ζ0
√
sm

, sm+N +
4

ζ0
√
sm+N

)
=⇒ Ω2 ∈

m+N⋃
i=m

J̃ ′i(0, s, 1),

assuming Pm−1 and Pm+N are nonempty (which is automatic for k = 0 and suffi-
ciently large m, since Σ = σ0 consists of simple eigenvalues).

For s ≥ sm−1 + 4
ζ0
√
sm−1

we have

ζ0s+ Θ(Ω0(s); ε0)−mπ + tan−1 ρ0 >
1√
s
,(4.7)

as for (4.4) but with m replaced by m− 1. For s ≤ sm+N+1 − 4
ζ0
√
sm+N+1

,

ζ0s+ Θ(Ω0(s); ε0)− (m+N + 2)π + tan−1 ρ0 < −
1√
s
,(4.8)

as for (4.6) but with m replaced by m+N .
Considering both (4.7) and (4.8), we see that for s ∈ Q,

1√
s

+mπ < ζ0s+ Θ(Ω0(s); ε0) + tan−1 ρ0 < (m+N + 2)π − 1√
s
,

and thus from Corollary 2.8 we have

mπ + tan−1 ν1 −
L̃0(1)√

s
< Ω2(s) < (m+N + 1)π + tan−1 ν1 +

L̃0(1)√
s
.

This completes the proof of (ii) and hence of the case k = 0.
(iii) We now proceed to the induction step, and assume the lemma to be true

for k ≥ 0. Let s0 ≤ s1 ≤ s2 ≤ ... be a listing of

Σ =
•⋃

i=0,...,2k+1

σi,

where each element is repeated according to its multiplicity; let s̃0 ≤ s̃1 ≤ s̃2 ≤ ...
be a similar listing of

Σ̃ =
•⋃

i=0,...,2k+3

σi
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(so Σ̃ = Σ∪̇σ2k+2 since σ2k+3 = ∅), and finally let η0 < η1 < ... denote the elements
of σ2k+2.

From the assumptions on the induction step we see that Ω2k+2, as a function of
s, is of the form illustrated in Figure 3.

Figure 3. Ω2k+2 as a function of s

(iv) We now show there are constants k̃0, k̃3 > 0 such that for each large m

s ∈ P̃m =⇒ Ω2k+4 ∈ J̃m+k̃2
(2k + 2, s, k̃3),

for some integer k̃2 = k̃2(m), where P̃m =
[
s̃m + k̃0√

s̃m
, s̃m+1 − k̃0√

s̃m+1

]
. Denote

by M(τ) the maximum of the set
{
∂Θ(ω;τ)
∂ω ;ω ∈ [0, π]

}
, cf. Lemma 2.3. Let k̃3 =

L̃2k(k3)M(ε2k+2) and k̃0 = 2k0 + 3k̃3
ζ2k+2

, where L̃2k(·) is as defined in Corollary 2.8
and k0, k2 and k3 are given by the induction hypothesis. Let d be the least j such
that sj ≥ s̃m+1, and let h be the least j such that ηj ≥ s̃m+1. It is easily seen that
d and h tend to infinity with m.

Note that for large enough m (and hence d) we have sd/sd−1 < 4, and so
k0/
√
sd−1 < k̃0/

√
s̃m. It follows that P̃m ⊂ Pd−1; so from the induction hypothesis

we have Ω2k+2(s) ∈ J̃d−1+k2(2k, s, k3) for s ∈ P̃m. Thus

Θ(Ω2k+2(s); ε2k+2)− (d+ k2 − 1)π − cot−1 ρ2k+1 ≥ −
k̃3√
s

(4.9)

and

Θ(Ω2k+2(s); ε2k+2)− (d+ k2 − 1)π − cot−1 ρ2k+1 ≤
k̃3√
s

(4.10)
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follow from Lemma 2.3.
From Corollary 3.6 with j = 2k+ 2, there exists an integer A such that for large

i, ∣∣ζ2k+2ηi + cot−1 ρ2k+1 + tan−1 ρ2k+2 − (i+A)π
∣∣ < ζ2k+2k0√

ηi
,(4.11)

cf. (4.3). Combining (4.11), with i = h − 1, (4.9) and s ≥ ηh−1 + k̃0/
√
s̃m, we

obtain

ζ2k+2s + Θ(Ω2k+2(s); ε2k+2)− (d+ k2 − 1)π

≥ ζ2k+2ηh−1 +
ζ2k+2k̃0√

s̃m
+ cot−1 ρ2k+1 −

k̃3√
s

> (h+A− 1)π − tan−1 ρ2k+2 −
ζ2k+2k0√
ηh−1

+
ζ2k+2k̃0√

s̃m
− k̃3√

s

= (h+A− 1)π − tan−1 ρ2k+2 +
2k̃3√
s

+ ζ2k+2k0(
2
√
sm
− 1
√
ηh−1

).

Now for sufficiently large m (and hence h), s̃m ≤ ηh ≤ 4ηh−1; so

ζ2k+2s+ Θ(Ω2k+2(s); ε2k+2) > (h+A+ d+ k2 − 2)π − tan−1 ρ2k+2 +
k̃3√
s
.

(4.12)

Combining (4.11) with i = h, (4.10) and s ≤ ηh − k̃0√
s̃m+1

, we obtain

ζ2k+2s + Θ(Ω2k+2(s); ε2k+2)− (d+ k2 − 1)π

≤ ζ2k+2ηh −
ζ2k+2k̃0√
sm+1

+ cot−1 ρ2k+1 +
k̃3√
s

< (h+A)π − tan−1 ρ2k+2 +
ζ2k+2k0√

ηh
− ζ2k+2k̃0√

ηh
+
k̃3√
s

< (h+A)π − tan−1 ρ2k+2 − k̃3

(
3
√
ηh
− 1√

s

)
.

For sufficiently large h we have 4
9ηh ≤ ηh−1 ≤ s. Hence we obtain

ζ2k+2s+ Θ(Ω2k+2(s); ε2k+2) < (h+ d+A+ k2 − 1)π − tan−1 ρ2k+2 −
k̃3√
s
.

(4.13)

Considering both (4.12) and (4.13), we see that

ζ2k+2s+ Θ(Ω2k+2(s); ε2k+2) ∈ Ĩ ′d+h+k2+A−2(2k + 2; s; k̃3).

Thus from Corollary 2.8 we have

Ω2k+4(s) ∈ J̃m+k̃2(m)(2k + 2; s; k̃3),(4.14)

where

m+ k̃2(m) = d+ h+ k2 +A− 2.
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(v) The next step is to show that k̃2(m) constructed as above is in fact indepen-
dent of m. Suppose that there exist

s ∈
[
s̃m−1 +

k̃0√
s̃m−1

, s̃m −
k̃0√
s̃m

]
and

t ∈
[
s̃m+N +

k̃0√
s̃m+N

, s̃m+N+1 −
k̃0√

s̃m+N+1

]
,

where N is a nonnegative integer. The sequence s̃m ≤ ... ≤ s̃m+N can be decom-
posed into the disjoint union of two subsequences (either, but not both, of which
may be empty) sd ≤ ... ≤ sw−1 and ηh < ... < ηu−1. Here d and h are as in
(iv), and w and u are the corresponding integers with m replaced by m+ N . The
numbers of elements in the subsequences are then w−d and u−h respectively, and
it is to be noted that

N = w − d+ u− h.(4.15)

From (4.14) we have

Ω2k+4(s) ∈ J̃d+h+k2+A−2(2k + 2; s; k̃3),

and from the analogue of (4.14) with t instead of s we have

Ω2k+4(t) ∈ J̃w+u+k2+A−2(2k + 2; t; k̃3).

Thus

m+ k̃2(m) = d+ h+ k2 +A− 2

and

m+N + k̃2(m+N) = w + u+ k2 +A− 2 = d+ h+ N + k2 +A− 2

from (4.15); so k̃2(m) = k̃2(m+N), as required. This establishes the inductive step
for (4.1).

(vi) The final step is to show that

s ∈ Q̃ :=

(
s̃m −

k̃0√
s̃m

, s̃m+N +
k̃0√
s̃m+N

)

=⇒ Ω2k+4 ∈
m+N⋃
i=m

J̃ ′
i−1+k̃2

(2k + 2, s, k̃3)

for each large m and each integer N ≥ 0, subject to P̃m−1 and P̃m+N being
nonempty.

From (4.12), s ≥ s̃m−1 + k̃0√
s̃m−1

gives

ζ2k+2s+ Θ(Ω2k+2(s); ε2k+2)− (d+ h+ k2 +A− 3)π + tan−1 ρ2k+2 >
k̃3√
s
,

(4.16)
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and, from (4.13) with s ≤ s̃m+N+1 − k̃0√
s̃m+N+1

,

ζ2k+2s+ Θ(Ω2k+2(s); ε2k+2)− (w + u− 1 + k2 +A)π + tan−1 ρ2k+2 < −
k̃3√
s
.

(4.17)

From (4.15), (4.16) and (4.17) we see that, for s ∈ Q̃,
k̃3√
s

+ (d+ h+ k2 +A− 3)π
< ζ2k+2s+ Θ(Ω2k+2(s); ε2k+2) + tan−1 ρ2k+2

< (d+ h+N − 1 + k2 +A)π − k̃3√
s
.

Thus from Corollary 2.8 we have

(m+ k̃2 − 1)π + tan−1 ν2k+3 − L̃2k+2(k̃3)√
s

< Ω2k+4(s)
< (m+N + k̃2)π + tan−1 ν2k+3 + L̃2k+2(k̃3)√

s
,

which completes the proof of the lemma.

The following lemma can be proved in a manner similar to Lemma 4.1: its proof
is omitted.

Lemma 4.2. Let r < −c < 0 on (a2j , a2j+1), j = 0, ..., k, and r > c > 0 on
(a2j−1, a2j), j = 1, ..., k. Let s0 ≤ s1 ≤ s2 ≤ ... be a listing of

Σ =
•⋃

i=1,...,2k+1

σi,

where each element is repeated according to its multiplicity. There exist constants
k1, k2 ∈ Z and k0, k3 > 0 such that if m ≥ k1, then

s ∈ Pm =⇒ Ω2k+1 ∈ J̃m+k2(2k − 1, s, k3),

where Pm =
[
sm + k0√

sm
, sm+1 − k0√

sm+1

]
, and, for any m such that Pm−1 6= ∅ and

integers N ≥ 0 such that Pm+N 6= ∅,

s ∈
(
sm −

k0√
sm

, sm+N +
k0√
sm+N

)
=⇒ Ω2k+1 ∈

m+N⋃
i=m

J̃ ′i−1+k2
(2k − 1, s, k3),

where Ω2k+1 = Ω(a2k+1, s, 0,Ω0) is the modified Prüfer angle at a2k+1, given that
the modified Prüfer angle at a0 is given by (3.1).

5. Proof of Theorem 1.2

We are now ready to prove our main result.

Note 5.1. For s > 0, λ = s2 is an eigenvalue of (1.1), (1.2), (1.3) if and only if:
(a) for the case of r < 0 on (an−1, an),

Ωn = Ω(an, s, 0,Ω0) = Φn +mπ, m ∈ Z,
where Ω0 and Φn satisfy (3.1) and (3.2) respectively;

(b) for the case of r > 0 on (an−1, an),

Ωn−1 = Ω(an−1, s, 0,Ω0) = Φn−1 +mπ, m ∈ Z,
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where Φn−1 is as in Lemma 3.2.
Moreover (cf. Lemma 3.4), the oscillation count of non-trivial solutions of (1.1),

with boundary condition given by (1.2) and (1.3) when m is as given by (a) or (b),
is

m+ 1 if α < 0 and β > 0,
m if α ≥ 0 and β > 0,
m if α < 0 and β ≤ 0,

m− 1 if α ≥ 0 and β ≤ 0.

Proof of Theorem 1.2. As before we shall restrict attention to the case of α, β ∈
(0, π/2], the other cases being similar.

We begin with the case of r < 0 on (an−1, an). From Note 5.1, s ∈ σ if and only
if

Ωn = Φn +mπ, m ∈ Z,(5.1)

where m is the oscillation count associated with s.
For sufficiently large m, there is a unique solution s to (5.1) for each large m ∈ N,

by Sturm’s Theorem. This solution corresponds to the intersection of the graphs
of Φn and Ωn −mπ. From Lemmas 4.1 and 4.2 (corresponding to even and odd n
respectively) we see that Ωn −mπ and Φn are as illustrated in Figure 4 for large
s. Here the sm form a listing of the disjoint union of σ0, ..., σn−1 with repetition
according to multiplicity. Note that from (3.4) we obtain Φn = π

2 + O(1/s), and
from Corollary 2.8 the J̃k are bounded away from π/2 for large s. This case of the
theorem has thus been established.

Figure 4. Φn and Ωn −mπ as functions of s
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We proceed to the case of r > 0 on (an−1, an). From Note 5.1, s ∈ σ if and only
if

Ωn−1 = Φn−1 +mπ, m ∈ Z,
and again m is the oscillation count corresponding to s. From Lemma 3.3(b), there
are positive constants c− and c+ such that for large s

c− ≤ −Φ̇n−1 ≤ c+,(5.2)

where ˙ = ∂
∂s . Denote by s0 ≤ s1 ≤ ... a listing in increasing order, with repetition

according to multiplicity, of the disjoint union of σ0, ..., σn−3 (note that σn−2 = ∅).
Then with Lemmas 4.1 and 4.2 (corresponding to odd and even n respectively) we
have, for large s, the situation illustrated in Figure 5. As before, there is a unique
intersection between the graphs of Ωn−1 −mπ and Φn−1, by Sturm’s Theorem.

Figure 5. Φn−1 and Ωn−1 −mπ as functions of s

It is apparent from Figure 5 that the ordered sequence σ can be partitioned, not
necessarily uniquely, into two subsequences ti and ηj , in such a manner that

ti ∈
(
si −

k0√
si
, si +

k0√
si

)
(5.3)

and

Φn−1(ηj) ∈ J̃j(n− 3; ηj; k3),(5.4)

where k0 and k3 are as given in Lemmas 4.1 and 4.2. Thus it suffices to show that
the ηj are within O( 1√

j
) of the eigenvalues in σn−1.

From (5.2), (5.4) and Corollary 2.8,

ηj = Φ−1
n−1(jπ + tan−1 νn−2 +O(1/

√
ηj)) = µj +O(1/

√
j),(5.5)
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cf. [1], where µj = Φ−1
n−1(jπ + tan−1 νn−2) ∈ σn−1, since (1.9) and (1.3) are

equivalent to tan Φn−1 = νn−2 for j = n− 1. This completes the proof.

6. Example

We present an example illustrating our theory. On [−3, 3] we set q(x) = 0 and

r(x) =
{

1, x ∈ [−3,−2] ∪ [−1, 1] ∪ [2, 3],
−1, x ∈ (−2,−1) ∪ (1, 2),

and consider the eigenvalue problem

− y′′ = s2ry,(6.1)
y′(−3) = 0 = y′(3).(6.2)

We begin by solving the problem directly. For x ∈ [−3,−2], the differential equation
is −y′′ = s2y, which, subject to the Neumann condition at x = −3, has solution
y(x) = cos s(x+ 3). Thus[

y
y′

]
(−2) =

[
cos s
−s sin s

]
.

Across [−2,−1] the solution now takes the form

y = cos s cosh s(x+ 2)− sin s sinh s(x+ 2),

leading to [
y
y′

]
(−1) =

[
A(s)
sB(s)

]
,

where

A(s) = cos s cosh s− sin s sinh s,
B(s) = cos s sinh s− sin s cosh s.

Continuing to [−1, 1], we find the solution to be

y(x) = A(s) cos s(x+ 1) +B(s) sin s(x+ 1).

The symmetry of the problem can be invoked to frame the eigencondition for the
solution constructed thus far as y′(0)y(0) = 0. Considering y(0) = 0, we obtain

A(s) cos s+B(s) sin s = 0.(6.3)

It is easy to check that cos s 6= 0 for (6.3) to hold, and so

tan s = −A(s)
B(s)

=
−1 + tan s tanh s

tanh s− tan s
.

Hence
tan s tanh s− tan2 s = −1 + tan s tanh s,

tan s = ±1,
showing that s = (n+ 1

4 )π, (n+ 3
4 )π, n ≥ 0.

The condition y′(0) = 0 yields s = 0, or

tan s =
B(s)
A(s)

=
tanh s− tan s

1− tan s tanh s
,

tanh s tan2 s− 2 tan s+ tanh s = 0,

tan s =
1±

√
1− tanh2 s

tanh s
.(6.4)
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Now for large s we have tanh s = 1− η, where η = O(e−2s), η > 0; so (6.4) gives

tan s = 1± ε, ε > 0, ε = O(e−s),

s = (n+
1
4

)π ± εn, εn > 0, εn = O(e−n), n ≥ 0.

The upshot of these calculations is that the spectrum of the problem (6.1)–(6.2)
is given by

σ = {0} ∪ {(n+
1
4

)π ± εn, (n+
1
4

)π, (n+
3
4

)π : n ≥ 0, εn > 0, εn = O(e−n)}.

(6.5)

In terms of our general theory we have a0 = −3, a1 = −2, a2 = −1, a3 = 1,
a4 = 2, a5 = 3, νj = 1 = εj, 0 ≤ j ≤ 4, ζj = 1, j = 0, 1, 3, 4, and ζ2 = 2.

To compute σ0 we solve the problem

−y′′ = s2y on (−3,−2),
y′(−3) = 0, sy(−2) = −y′(−2).

It is straightforward to check that this requires s = 0 or tan s = 1, i.e., s = 0 or
(n+ 1

4 )π, n ≥ 0.
For σ2 we have the problem

−y′′ = s2y on (−1, 1),
sy(−1) = y′(−1), sy(1) = −y′(1).

Again, easy calculations give s = 0 or (n+ 1
4 )π, (n+ 3

4 )π, n ≥ 0.
Finally, for σ4 we have

−y′′ = s2y on (2, 3),
sy(2) = y′(2), y′(1) = 0,

which produces s = 0, (n+ 1
4 )π, n ≥ 0.

It is readily seen that σ0, σ2, σ4 satisfy the conclusions of Corollary 3.6, and that
σ of (6.5) is the disjoint union

σ0∪̇σ2∪̇σ4 =
{

0, 0, 0,
π

4
,
π

4
,
π

4
,

3π
4
,

5π
4
,
5π
4
,

5π
4
,

7π
4
,

9π
4
,

9π
4
, ...

}
to exponentially small order (recall σ1 = σ3 = ∅), illustrating Theorem 1.2 in a case
of resonance.
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